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Abstract

Deep neural state-space models (SSMs) provide a powerful tool for modeling dynamical sys-
tems solely using operational data. Typically, neural SSMs are trained using data collected
from the actual system under consideration, despite the likely existence of operational data
from similar systems which have previously been deployed in the field. In this paper, we
propose the use of model-agnostic meta-learning (MAML) for constructing deep encoder
network-based SSMs, by leveraging a combination of archived data from similar systems
(used to meta-train offline) and limited data from the actual system (used for rapid online
adaptation). We demonstrate using a numerical example that meta-learning can result in
more accurate neural SSM models than supervised- or transfer-learning, despite few adap-
tation steps and limited online data. Additionally, we show that by carefully partitioning
and adapting the encoder layers while fixing the state-transition operator, we can achieve
comparable performance to MAML while reducing online adaptation complexity.
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Abstract: Deep neural state-space models (SSMs) provide a powerful tool for modeling
dynamical systems solely using operational data. Typically, neural SSMs are trained using data
collected from the actual system under consideration, despite the likely existence of operational
data from similar systems which have previously been deployed in the field. In this paper,
we propose the use of model-agnostic meta-learning (MAML) for constructing deep encoder
network-based SSMs, by leveraging a combination of archived data from similar systems (used
to meta-train offline) and limited data from the actual system (used for rapid online adaptation).
We demonstrate using a numerical example that meta-learning can result in more accurate
neural SSM models than supervised- or transfer-learning, despite few adaptation steps and
limited online data. Additionally, we show that by carefully partitioning and adapting the
encoder layers while fixing the state-transition operator, we can achieve comparable performance
to MAML while reducing online adaptation complexity.

Keywords: Learning, modeling, data-driven methods, Koopman operator, system identification.

1. INTRODUCTION

Data-driven system identification is often a necessary step
for model-based design of control systems. While many
data-driven modeling frameworks have been demonstrated
to be effective, the class of models that contain a state-
space description at their core have typically been easiest
to integrate with model-based control and estimation algo-
rithms, e.g., model predictive control or Kalman filtering.

Early implementations of neural state-space models (SSMs)
employed shallow recurrent layers and were dependent
on linearization to obtain linear representations (Za-
marreno and Vega, 1998) or linear-parameter-varying sys-
tem representations (Bao et al., 2020). Recent advance-
ments in deep neural networks have enabled embedding
SSMs into the neural architecture explicitly without post-
hoc operations (Forgione et al., 2022), and therefore the
SSM description can be learned directly during training;
see Legaard et al. (2021) for a recent survey. For instance,
unmodeled dynamics remaining after procuring a physics-
informed prior model can be represented using neural
SSMs (Forgione and Piga, 2020, 2021), and additional
control-oriented structure can be embedded during train-
ing (Skomski et al., 2021). Another interesting direction
of research has led to the development of autoencoder-
based SSMs, where the neural architecture comprises an
encoder that transforms the ambient state-space to a
(usually high-dimensional) latent space, a decoder that
inverse-transforms a latent state to the corresponding am-
bient state, and a linear SSM in the latent space that
satisfactorily approximates the system’s underlying dy-
namics (Masti and Bemporad, 2021; Iacob et al., 2021;
Bertalan et al., 2019). Even without the decoder, deep

encoder networks have proven useful for neural state-space
modeling (Beintema et al., 2021). An argument for the
effectiveness of autoencoder-based approaches is based on
Koopman operator theory (Koopman and van Neumann,
1932), which posits that a nonlinear system (under some
mild assumptions) can be lifted to an infinite-dimensional
latent space where the state-transition is linear; an au-
toencoder allows a finite-dimensional, therefore tractable,
approximation of the Koopman lifting/lowering transfor-
mations (Lusch et al., 2018).

Extensively, neural SSMs have been constructed using
data from the target system under consideration. However,
in practice, one likely has access to data for a range of
similar (not necessarily identical) systems that contain
information which could prove useful for speeding up the
construction of a neural SSM for the target system. Herein,
we show that there is potential in using data from similar
systems for neural SSM modeling, and provide a meta-
learning approach for tractably obtaining such a model.
To the best of our knowledge, the existing literature does
not contain a tractable solution to this open problem at
this time, although the reduction of model estimation error
by using data from linear systems within a prescribed
ball has been proven in Xin et al. (2022). Though not
for SSMs, meta-learning has been proposed for optimiza-
tion (Zhan et al., 2022; Chakrabarty, 2022), adaptive
control (Richards et al., 2021), and receding horizon con-
trol (Arcari et al., 2020; Muthirayan and Khargonekar,
2020).

The main contribution of this work is to propose a meta-
learning approach for neural state-space modeling, via
deep encoder networks, using data obtained from a range
of similar systems. In meta-learning, a (often, deep) neural



network is trained on a variety of similar ‘source’ system
models so that it can make accurate predictions for a given
target system model, with only a few data points from
the target system and a small number of gradient-based
adaptation steps. Concretely, we learn encoder weights and
state/output matrices from a variety of source systems’
sensor data. Consequently, even with a small amount of
the target system’s data, the deep encoder network can be
quickly adapted online to obtain a set of encoder weights
and state/output matrices representing the target system
dynamics. This meta-learned neural SSM is shown via a
numerical example to result in higher predictive accuracy
than a neural SSM trained solely using target system
data, or even a neural SSM trained on the entire source
plus target data. We employ model agnostic meta-learning
(MAML) algorithms, which are trained by solving a bi-
level optimization problem (Finn et al., 2017), wherein the
outer loop extracts task-independent features across a set
of source tasks, and the inner loop adapts to a specific
model with a few iterations and limited data.

2. PRELIMINARIES

We consider a family of parameterized discrete-time non-
linear systems of the form

Tiy1 = flxe,0y), (1a)

Yt = h(a:t, Gh) (lb)

where z; € R™ denotes the state of the system at time

t € N with zg being the initial state, y € R™ denotes

the measured outputs, f denotes the unknown dynamics,

h the unknown output function, and 6 := [0f,0;] € R"e
denotes a vector of unknown model parameters.

Since f and 6 are unknown, our objective is to construct a
neural state-space model that can replicate the dynamics
of a query system of the form (1) parameterized by 6*,
which is also unknown. Let Y (6*,T) denote a trajectory
of outputs generated by the query system over a time range
[0, T, where T is small. This implies that the query system
dataset

Dauery = Y (0%, T) =Y+
has limited size. One could use this query data to construct
a neural state-space model (SSM) of the form

2t = fenc(Yt—H:t) (Qa)
Zt41 = Az, (Zb)
gt = CZZta (20)

which involves optimizing the weights of an encoder net-
work fenc(+), along with the elements of the linear decoders
A, and C,; a schematic diagram of the proposed neural
SSM architecture is shown in Fig. 1. The input to the
encoder is a window of length H € N containing past
measurements denoted

}/tfH:t £ {ytfHa Yt—H+1," " ayt71}7
and the latent state learned by the encoder net is given by
z € Rz where n, € Nis a hyperparameter. The estimated

output is given by ¢;, which is computed by the decoder
C,.

We reiterate that training the neural SSM involves com-
puting weights of fen. and the linear state-space layers
A,, C,. This is performed by minimizing a multi-step

prediction loss as follows. For an input Y;_g., the la-
tent encoding z; is computed using (2a), after which,
for a prediction horizon of H,, we recursively compute
Zt41, ", Ze+mH, using (2b). Subsequently, we can compute

Yievrm,—1 = {06, Ger1, 5 Jer -1}
using (2c). Since training is done offline, the output y; is
available, with which one can construct Yi.;1p,—1. Then,
the multi-step predictions can be evaluated via a mean-
squared-error (MSE) loss function

lssm = H%HYt:HHpﬂ — Yerr w113 (3)

that can be minimized using batched data and stochastic
gradient descent methods. Often, for better numerical
performance, A, may be regularized with £, (for sparsity)
and/or Ly (for stability) norms.

Remark 1. Figure 1 illustrates multi-step prediction using
a neural SSM with the shaded (fictitious) prediction layer.
We emphasize that predicted inputs are not fed back into
fenc, but predicted forward using only linear decoders A,
and C, without additional inputs. Thus, we can consider
A, and C, as a type of recurrent neural network, whose
initial state is provided by lifting via fenc. |

Fig. 1. Neural architecture of deep encoder state-space
model with an illustration of how to predict using
the state-transition operator. The shaded layers are
fictitious, and presented for illustrative purposes.

Such neural SSMs have been studied extensively, and
various sources have reported their excellent predictive
capabilities. However, training the neural SSM using only a
limited quantity of target data can lead to poor predictive
performance. Our objective in this paper is to use model-
agnostic meta-learning (MAML) to learn a generalized
neural SSM using data obtained from similar systems
to the target system. We can then quickly adapt the
generalized neural SSM to the target system despite the
scarcity of target data.

To this end, we assume that we have access to a source
dataset that consists of state trajectories generated by
systems of the form (1) parameterized by different 6
vectors, each of which are assumed to be realizations of a
distribution © that also admits 8*. Then the source dataset
is represented by

N N,
Dsource = {Yk}k:1 £ {Y<9’<7’Tk?)}k‘:1 )
where 0, ~ © for each k =1,..., N;.

Our objective in this paper is to utilize the source dataset
to meta-learn a neural SSM representation offline, and
adapt this neural SSM to yield an accurate predictive
model for the target system with only a few online itera-
tions and limited target system data. This is common in
practical applications where the amount of data received



from a newly deployed target system is typically far less
than previously archived customer/user data on similar
(source) systems.

3. META-LEARNED NEURAL SSM
3.1 The MAML Algorithm

MAML (Finn et al., 2017) is one one of the most well-
known and widely used meta-learning (i.e., learning to
learn) algorithms. The goal of MAML is to learn a reusable
set of model parameters that can be quickly fine-tuned
at inference time based on a small amount of adaptation
data. MAML achieves this using a nested training scheme
where an inner loop fine-tunes a common set of initial
model parameters based on a small amount of task-specific
adaptation data, and an outer loop that updates the
initial set of model parameters across a mini-batch of
different tasks. This procedure promotes learning of model
parameters that can quickly adapt to new tasks.

An overview of our approach applying MAML for trajec-
tory prediction is shown in Figure 2. Perhaps the most
important aspect of applying meta-learning algorithms
such as MAML is data partitioning. Formally, we are given
a dataset of source systems Dgource, cOmMprising trajectory
data Y for i = 1,..., N, generated by the system (1)
with parameters 6;. We then partition the data for task Y
into context set Cy: for inner-loop updates, and target set
Ty to evaluate the loss function for the model parameters
adapted in the inner-loop. If we define w as the set of neural
network parameters to represent the mapping from (2), the
inner-loop MAML update is
1

= W1 — BinVyi  Lssm (Cyi;w!, 1) (4)

where m is the number of inner-loop updates, 5, the inner-
loop learning rate, and fsgm (Cyi;wzn71> is the loss func-
tion from (3) evaluated on the context set with the neural
weights computed after m — 1 inner-loop updates. As
shown in Figure 2, the inner-loop updates are performed
individually using the context set for each trajectory in the
batch, while the target sets for all trajectories in the batch
are used in the outer-loop. The outer-loop optimization
step is typically written as
B
w=w—PoutVi »_ Lssm (Tyv; wh,) (5)
b=1

where B is the number of tasks (i.e., trajectories) in a
training mini-batch, SBo,: is the outer-loop learning rate,
and £(Tyv;w},) is the loss function on the target set Ty
after m inner-loop iterations (4) have been completed. By
updating the model parameters in the outer-loop as in (5)
across B tasks, we promote a parameter set w that can
be quickly adapted at inference time. As shown in the
botttom of Figure 2 at inference-time we only perform m
inner-loop updates (4) for a query task Y* and evaluate
model performance using updated parameters wy,.

W,

Remark 2. When partitioning trajectory data Y into con-
text set Cy: used for inner-loop fine-tuning and target set
Ty used to evaluate the fine-tuning, one may use different
approaches for training and inference. At inference time,
we will typically use the first several points of the observed
trajectory as the context set, and any subsequent points

Algorithm 1 Meta-training SSM with MAML /ANIL

w <+ weights of neural SSM

Require: Dyyrce < source task dataset

Require: wi, Cw > ANIL: wi, C w, MAML: wi, = w
Require: Sin, Bout, M > learning rates and # iters

Require:

1: Randomly initialize w

2: while not done do > outer-loop
3 Sample batch {Yb}}f:l from Degurce

4 for b=1to B do > inner-loop
5: Partition Y? into Cy+» and Ty

6 o.)g —w > copy current weights
7 for m =1 to M do > adaptation steps
8 for w; € wi, do > step through layers
9: (w;)?, + update using (6)

10: end for
11: end for
12: end for

13: w <+ update using (5)

14: end while
15: Return wy, ¢ final trained weights

Algorithm 2 SSM inference with MAML/ANIL

Require: wy < weights of meta-trained neural SSM
Require: Dgyery < query task dataset
Require: wj, Cw > ANIL: wi, C w, MAML: wi, = w

Require: 5i,, M > learning rates and # iters

1: Cy+ < all available data in Dgyery

20 Wy 4 Woo > use meta-trained weights
3: for m =1 to M do > online adaptation
4 for w; € w;, do

5: (wp)r, + update using (6)

6 end for

7: end for

8: Use w}, for SSM predictions

as the target set to simulate the real-world scenario, where
we first fine-tune our meta learned model and then use it.
At training time, we randomly sample |Cy:| consecutive
points from anywhere in the trajectory as the context set,
and |7Ty:| consecutive points from anywhere in trajectory
(not necessarily after the context set) as the target set.
We take this approach during training to ensure that
the learned model does not always expect the context
set to depend on initial conditions, while target set is in
steady-state regions for example. In our experiments we
use |CY’L = |Tyz =12. <

3.2 Partial network meta-learning with ANIL

The nested training scheme in MAML can lead to a very
difficult optimization problem (Antoniou et al., 2019),
and updating all model parameters in the inner-loop may
be unnecessary (Raghu et al., 2019). For this reason,
the almost no inner-loop (ANIL) algorithm was proposed
in Raghu et al. (2019), which updates only the parameters
in the last layer of the network in the inner-loop (4), while
parameters for all layers are updated in the outer-loop (5).
The intuition being that the outer-loop update promotes
extraction of low-level features that are reusable across
tasks, and the inner-loop promotes rapid learning of a final
task specific layer.



Fig. 2. Schematic diagram of the overall meta-learning process.

In the few-shot image classification problem commonly
studied in meta-learning research, the last layer is referred
to as a “classifier” and the earlier layers that are not
updated in the inner-loop as the “feature extractor.”
However, for the neural SSM architecture studied in this
work, it is unclear whether the encoder weights (2a) or
the state-space model parameters (2b) and (2c) should be
common across tasks or fine-tuned in the inner-loop, so
we explore both possibilities. Formally, if w = (w1, ...,wr),
where w; are the network parameters for layer [ and L is
the total number of layers in the network, we then define
win € w as the subset of parameters updated in the inner-
loop, and the inner-loop update from (4) becomes

; wr, wi ¢ Win
(W)= { i _ o) .
(wl)m—l —BIHVESSM (CY’l ) (wl)m—l) , W € Win
The outer-loop of ANIL remains unchanged from MAML,
and we note that when w;, = w ANIL and MAML
are identical. We summarize the meta-training regime
using source tasks via ANIL/MAML in Algorithm 1, and
explain how to update the weights for the query system in
Algorithm 2.

(6)

4. SIMULATION RESULTS

In this section, we validate our meta-learned neural SSM
on a family of parameter-uncertain unforced van der Pol
oscillators, where each oscillator is given by

y==z.  (7)

j?l = T2, 1.72:01‘2(171‘%)7.%1,

4.1 Data collection and implementation details

The source and target systems are generated by sampling
¢ uniformly from the (unknown) range © = U([0.5,2]),
which induces a broad range of dynamics since 6 is
effectively a damping parameter. In particular, we simulate
until 7" = 20 and collect output data for Ny = 200 source
systems with unique 6 ~ © values for each system, with a
sampling period of 0.01 s. The target system 6* = 1.572,
which is also unknown. For each of the source systems,
the initial state is randomly sampled from [—1,1]?, while
the target system initial state is fixed at [1,—0.5]T; the

final time is sampled randomly from 7' ~ U([10,40]) s,
with the sampling period kept constant for all systems.
The past window length H = 10 and predictive window
length H), = 5.

The deep encoder network (see Fig. 1) we use as the neural
SSM has an encoder consisting of an input layer that takes
x, and passes it through 5 hidden layers, each of which has
128 neurons, to an output layer that generates a latent
variable of dimension n, = 128. This latent variable is
updated using a 128 x 128 linear layer with no bias, and
the output is computed using a 128 x 2 linear layer with no
bias. The entire network uses rectified linear units (ReLUs)
for activation, and the weights are initialized using Xavier
initialization. The deep neural network is implemented
entirely in PyTorch (Paszke et al., 2019). For MAML and
ANIL implementation, we adapt the open-source PyTorch-
based learn2learn toolbox (Arnold et al., 2020). The
batch size B = 32, with the number of inner-loop iterations
fixed at m = 10, and the total number of meta-training
epochs is set to 10%. The step-sizes for MAML are i, =
0.01 and Boy: = 0.001. Online, the MAML is allowed 40
adaptation steps.

4.2 Meta-learning vs. supervised and transfer-learning

To judge the effectiveness of the proposed MAML-SSM, we
compare against a few baselines, all of which have the same
architecture as MAML-SSM but are trained differently,
using a single training loop rather than an inner-outer
bilevel loop as in MAML. These include:

e SSM: which is trained by supervised learning using
only the target system data: this is the classical one-
training-loop approach for learning neural SSMs. The
SSM is allowed 10x more steps to train

e All-NoAdapt-SSM: which is training by supervised
learning using all the source system and target system
data, without allowing online adaptation steps.

e Xfer-SSM, which is trained by transfer learning; that
is, supervised learning on all the source system data,
and allowing a few online adaptation steps exploiting
the target system data. The same number of adapta-
tion steps are allowed for MAML-SSM and Xfer-SSM.



Fig. 3. Comparison of MAML-SSM with baselines. (upper,
middle) State x; and xy of the oscillator. (lower)
Comparison of sum-squared-error (SSE).

To provide some intuition, the first baseline SSM is se-
lected to understand whether MAML-SSM can enable
learning from similar systems, or whether using data
from other systems negatively affects predictive quality.
The second baseline All-NoAdapt-SSM is selected to study
whether supervised learning would be enough to learn
a good predictive model if it was provided all the data
available, both from source and target systems. The third
baseline Xfer-SSM is to test whether meta-learning can
outperform transfer-learning in few-shot, data-poor situa-
tions.

The performance of MAML-SSM and the baselines is il-
lustrated in Fig. 3. At online inference, the context set is
generated by using data from the first 400 time steps, and
the target set to be predicted by the neural SSM is the
next 3000 time steps. The top and middle subplots show
the evolution of the states of the system, with the dashed
line denoting the true query system states. The lowest
subplot shows the evolution of the sum-squared-error !
between the true state and the predicted state over the
3000 time steps. It is immediately clear that MAML-SSM
incurs the smallest prediction SSE and outperforms the
baseline, with the transfer learning Xfer-SSM performing
second best with double the SSE, closely followed by SSM,
and with greedily using all the data as in All-NoAdapt-
SSM exhibiting significantly worse performance uniformly
across time. From the x; subplot, we can reason that SSM
most likely overfits the context data, and therefore, it
exhibits excellent predictive accuracy in within-training-
set points of time, with marked deterioration at out-of-
set points. Conversely, All-NoAdapt-SSM severely under-
fits the data, which is plausible, as it inherently tries
to find a set of neural SSM weights to fit the ‘average’
dynamics induced by the source and query systems, rather
than adapting to the query system. As expected, meta-
and transfer-learning exhibit good performance, but our
proposed MAML-SSM outperforms Xfer-SSM. The paucity
of query system data and the few number of adaptation

I The sum-squared-error (SSE) between two signals x, x’ € R4X7T is
. T 7112
given by thl lIxe — xill3-

iterations require the trained learner (before adaptation)
to have a set of neural weights that can rapidly adapt to
the query system: since this is explicitly what MAML is
trained for, the MAML-SSM has the ability to rapidly learn
a good predictive model for the given example. In contrast,
the transfer learning approach (before adaptation) is not
explicitly trained keeping the adaptation in mind, there-
fore the set of initial weights is likely tailored to generating
good predictions for the family of source systems, and the
few-shot nature of the adaptation is not enough to enable
Xfer-SSM to learn a model as accurate as MAML-SSM;
this is especially notable from the x1 plot, where transfer-
learning completely fails to capture the positive half of the
oscillatory dynamics.

4.8 Full vs. partial network meta-learning

As described in Section 3.2, ANIL can be used to partially
meta-learn neural SSMs by splitting the neural SSM into a
base-learner (layers with parameters w; ¢ wj,) and a meta-
learner (layers with parameters w; € wi, ), wherein only the
meta-learner is adapted online; the base-learner is fixed.
An interesting question for neural SSMs based on deep
encoder networks is whether the base-learner should be
the encoder layers or the state and output linear layers, as
they have clearly different roles to play in the neural SSM.
To answer this question, we propose two implementations:
ANIL-SSM, where the base-learner is A, C,, with fo,. set
to be the meta-learner; and, ANIL-SSM-R which has fenc
as the base-learner and meta-learns A, C,.

Table 1. Comparison of SSE. Full (MAML) vs.
partial (ANIL) meta-learning of neural SSM.

EXPERIMENT || MEDIAN SSE

Size/Steps MAML-SSM | ANIL-SSM | ANIL-SSM-R
200/10 1.4 x 103 4.6 x 103 6.8 x 103
200/40 1.6 x 103 2.0 x 103 6.9 x 103
200/100 1.1 x 103 2.1 x 108 1.0 x 10*
500/10 1.3 x 103 1.7 x 103 6.3 x 103
500/40 2.3 x 103 1.9 x 103 4.1 x 103
500/100 1.6 x 102 6.0 x 101 1.5 x 103
1000/10 9.1 x 102 8.5 x 102 5.5 x 103
1000/40 2.2 x 10! 2.2 x 101 2.6 x 103
1000,/100 3.4 x 109 3.1 x 10° 5.6 x 102

Table 1 compiles the median SSE values obtained over 100
query runs with MAML-SSM, ANIL-SSM, and ANIL-SSM-
R from unique and randomly selected initial conditions.
The leftmost column of the table indicates the number of
context data points used for inference, and the number
of online adaptation steps. It is easy to deduce that for
small-size context sets, MAML outperforms both ANIL
variants, whereas when the context set is larger, and more
adaptation steps are allowed, ANIL-SSM performs slightly
better than MAML-SSM. The most marked improvement
is in the ‘500/100° case, indicating that ANIL has the
potential to surpass MAML, albeit with more context
data and adaptation steps. We see that ANIL-SSM-R is
uniformly worse, often by orders of magnitude, than its
competitors, indicating that rapidly adapting the encod-
ing/lifting transformation with A, and C, being reused
online without alteration allows the deep encoder network
to be more expressive over a wider range of dynamics than
reusing the encoding/lifting transformation. This can be



explained by realizing that fen. is a deep network with
nonlinear activation functions rather than a single linear
layer, and therefore it can induce a much richer family
of transformations than A, and C,, allowing for greater
expressivity in modeling nonlinear dynamics.

5. CONCLUSIONS

In this paper, we proposed a methodology for design-
ing neural state-space models using limited data from
the query system to be modeled, relying more on data
from similar systems. We provide a deep learning-based
framework called meta-learning for tractably learning from
similar systems offline, and adapting to the query system
online in a few-shot manner; we also demonstrate the
potential of the proposed approach using a numerical
example. Interestingly, we show that meta-learning can
outperform transfer learning in data-poor settings when
the number of online adaptation steps is limited. We
also describe how to meta-learn a subset of the layers
of a neural SSM, and report that meta-learning lifting
transformations is more advantageous than meta-learning
the state-transition operator itself. In future work, we will
investigate alterations to the MAML algorithm for faster
training convergence, and apply these techniques to the
modeling of energy systems.
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