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bandgap of TR cell. In this paper, we show that new resonant modes with energy close to
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Abstract

Thermoradiative (TR) technology was recently proposed as a new mechanism to efficiently convert low-

temperature waste heat into electric energy. It has been shown that near-field coupling between a TR cell

and a heat sink is an effective way in boosting the performance of the TR device. The enhancement becomes

more significant when surface resonant modes are supported by the heat sink. Surface plasmon polaritons

on metal surfaces, and surface phonon polaritons on Lorentz materials, are two major types of materials

investigated in the near-field enhancement. However, to significantly boost the performance, the resonant

mode energy needs to match the bandgap energy of the TR cell, which is often difficult to realize with natural

material selections. Typical metals have plasma frequency much higher than the bandgap of TR cell. In this

paper, we show that new resonant modes with energy close to the bandgap of TR cell can be created with

nanostructured gratings on the heat sink. This enables use to build the heat sink using commonly available

metallic materials, whose typical surface resonant frequency is much higher than the TR bandgap.
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INTRODUCTION

Recently, thermoradiative (TR) cells have been proposed as heat engines to convert heat into

electricity [1–4]. The simplest form of a TR cell consists of a p-n junction that is heated to a higher

temperature Tc than ambient Ta. In Ref. [1], the working principle of the TR cell was proposed, and

the fundamental limit of its power conversion efficiency was analyzed using the Shockley-Queisser

framework (i.e. assuming the blackbody spectrum and including the radiative combination only).

The concept was demonstrated by experiments [3], although the realized efficiency was low. It

is possible to boost the efficiency by designing the TR cell with nanophotonic approaches, which

have been widely explored for photovoltaic (PV) and thermophotovoltaic (TPV) cells [5–8], such

that selective radiation at a narrow band just above the bandgap energy is achieved. However, in

this case the radiation power would be greatly suppressed. As a result, the generated power density

would be extremely small [9].

However, with near-field resonant coupling, the radiation can go beyond the blackbody limit,

and all the radiation power can be “squeezed” into a narrow bandwidth around the resonance [10].

Based on this understanding, in Ref. [4], a heat sink was placed in close vicinity of the TR cell.

It was shown that by near-field coupling of the photons generated from the TR cell to the phonon

polariton mode that is supported on the surface of the heat sink (whose dispersion is described by

a Lorentz model), both the conversion efficiency and the generated power density can be greatly

enhanced when the resonance is very close to the bandgap energy of the TR cell. In Ref. [11], the

near-field enhancement effect of TR cells was further explored, and it was shown that a metallic

material, whose dispersion is described by a Drude model and supports surface plasmon polaritons
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(SPPs), is also good candidate for heat sink, and can have an even more significant output power

density enhancement effect as compared with Lorentz type materials. The enhancement effect was

understood from the impedance matching condition derived from coupled-mode theory [10, 12–

15]. In the case of radiative energy transfer dominated by resonant coupling between two objects

(TR cell and the heat sink, in the case of TR device), the transfer is maximized when the resonance

decays into the two objects at the same rate. This condition is easier to achieve with a Drude type

metallic material. An additional advantage with metals as heat sink is their typically larger thermal

conductivities compared with insulators. The faster heat dissipation makes it easier to maintain a

temperature close to the ambient.

To use TR cell based devices to harvest low-grade waste heat with temperature of 1000 K or

lower, the preferred band gap energy of TR cell is 0.3 eV or lower [1]. In order for the near-field

resonant coupling to work, the resonant mode needs to have an energy slightly above the band

gap energy of the cell. However, typical noble metals have surface plasmon resonance with much

higher energy [16]. For example, plasma frequency ωp of gold is around 9 eV, and the frequency

of SPP on planar gold surface ωS PP = ωp/
√

2 is around 6.4 eV, which is more than 20 times higher

than the typical TR cell band gap energy.

In this paper, we show that this huge difference can be compensated via adding nanostructured

patterns on the heat sink. In particular, we show that the periodic grating structures introduce ad-

ditional surface resonance modes whose energies are much lower than SPP modes, and are much

closer to the band gap energy of the TR cell. Depending on the material and geometrical param-

eters of the grating, different resonant modes can be utilized, such as localized SPPs, waveguide

modes, and spoof polaritons [17]. With two different grating configurations, we show that different
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metallic materials including typical noble metals can be used as heat sink to enhance the radiative

heat transfer and boost the output power density and conversion efficiency of the TR cell.

TR DEVICE PRINCIPLE AND MODEL

We first briefly summarize the working principle of a TR cell. For a semiconductor diode at

temperature Tc exchanging energy via radiation of photons with a thermal reservoir (either a heat

source or a heat sink) at temperature Ta, the photon emission and absorption are due to transitions

across the band gap and are associated with electron-hole (e-h) pair recombination and generation,

respectively [1, 9, 11]. When Tc = Ta, the emitted photon flux from the cell is the same as the

photon flux absorbed by it, and the e-h population is in equilibrium determined by Tc, meaning no

current can be generated when an external load is connected to the cell. When Tc , Ta, there will

be an imbalance in photon emission and absorption, leading to a splitting of quasi-Fermi levels,

∆µ, of electrons and holes.

In the case of TR cell, Tc > Ta, the emitted photon flux is larger than the absorbed photon

flux, and the e-h population becomes smaller than the equilibrium at Tc. As a result, the cell tends

to get back to the equilibrium by generating e-h pairs via all possible channels. Because of this

tendency, when connected to an external load, the cell will transfer electrons in the valence band

to conduction band through the load, effectively generating an electric current. In comparison,

a PV cell has Tc < Ta, absorbs more photons than it emits, and accumulates more e-h pairs

than the equilibrium state, therefore has a tendency to recombine the excess e-h pairs through

all possible channels. When connected to an external load, the PV cell transfers electron in the

conduction band to valence band through the load, effectively generating a current flow in an
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opposite direction as the current generated by a TR cell. More detailed description and analysis

of the physical picture, as well as the mathematical model of the TR cell were given in previous

papers [1, 11].

The generated current density from the TR cell is given by the elementary charge q(> 0) times

the net flux of photons absorbed by the cell Ṅ(Tc,∆µ; Ta).

I(∆µ) = qṄ(Tc,∆µ; Ts) = q
∫ ∞

ωg

dω
2π
εc,a(ω)

[
Θ(ω; Ta, 0) − Θ(ω; Tc,∆µ)

]
, (1)

where Θ(ω; T, µ) = 1
exp[(~ω−µ)/kBT]−1

is the generalized Planck distribution of photons at the fre-

quency ω, at a temperature T and a chemical potential µ, with kB the Boltzmann constant. εc,a(ω)

is the integrated transmissivity over all wavevector components between the cell and a heat sink.

The generated voltage is V = ∆µ/q. Therefore the output power density to the load can be calcu-

lated as Pl(∆µ) = VI(∆µ) = ∆µ · Ṅ(Tc,∆µ; Ta).

Similarly, the net radiation power absorbed by the cell can be calculated as

Pc(Tc,∆µ; Ta) =

∫ ∞

0

dω
2π
~ω · εc,a(ω)

[
Θ(ω; Ta, 0) − Θ(ω; Tc,∆µ)

]
. (2)

We point out that both the net flux of photons Ṅ and the radiation Pc to the cell are negative, since

more photons are emitted. Hence the efficiency of the TR cell, calculated by ηTR = Pl/(Pl − Pc)

is always smaller than one. Also in examples discussed in this work, the integrated transmissivity

below ωg is zero, so the lower bound of the integral is ωg in following calculations.

Note that in this model, we assume that the TR cell is ideal, meaning that the only process

contributes to the loss of e-h pairs is radiative recombination, as required by the detailed bal-

ance. Non-radiative processes such as Auger and surface defect processes are not included for

simplification. Therefore, our calculated output power is the maximum power that the TR cell can
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generate.

NEAR-FIELD COUPLED TR DEVICE

From the above analysis and equations 1 and 2, we can see that with given thermodynamic

parameters (temperatures Tc and Ta, and chemical potential ∆µ), the performance of a TR device

depends only on the transmissivity between the TR cell and the heat sink, which is defined as

εc,a(ω) = 2 ×
1

(2π)2

∫
εc,a(ω,K)d2K, (3)

which is an integration to the optical transmission coefficient of all possible in-plane wavevector

component K. The transmissivity depends on the optical properties of materials and the geomet-

rical parameters. When the two objects are far away, only propagating wavevector components

|K| = k < ω/c contribute to the transmissivity, and the upper bound of radiation power is black-

body limit. When the distance between the two objects is smaller than the photon wavelength,

evanescent wavevector components also contribute to the integrated transmissivity due to photon

tunneling [18]. Furthermore, when surface resonances are supported in the system, strong res-

onant coupling in the near-field can reshape the radiation spectrum, and enhance the integrated

transmissivity by several orders at frequencies close to the resonances [19–21]. Based on this

principle, near-field radiative heat transfer has been widely studied and applied to near-field TPV

system designs [10, 22–25], and recently to TR device designs [4, 11].

For a given material, the dispersion of its dielectric function, which determines the surface

resonant mode, is an intrinsic property. Insulating materials with dielectric function described

by a Lorentz model support surface phonon polaritons; metallic materials with dielectric function
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described by a Drude model support surface plamson polaritons. In order to maximize the radiative

transfer, the resonant mode needs to be close to and slightly larger than the bandgap frequency

ωg. However, the surface resonant frequencies of natural materials, especially the SPP mode

frequency supported by metallic materials, are often much higher than the small ωg of cells used

for thermoradiative power conversion.

We show that nanostructured materials can support additional surface resonances that are closer

to ωg, and, when placed close to the TR cell, can enhance the near-field coupling and the radiative

transfer. Therefore the energy conversion can be done more rapidly, and higher power density can

be achieved with the same TR cell.

For the following calculations, we use a TR cell with bandgap energy Eg = 0.3 eV, which

corresponds to the bandgap of InAs [26] and bulk Black Phosphorous [27, 28]. The dielectric

function of the TR cell is governed by the direct valence-to-conduction interband transition [29,

30], and is described by εcell(ω) = εr(ω) + iεi(ω), where

εi(ω) =


A
√

x − 1/x2, x > 1

0, x < 1

εr(ω) =


B + A(2 −

√
1 + x)/x2, x > 1

B + A(2 −
√

1 + x −
√

1 − x)/x2, x < 1

(4)

with x = ~ω/Eg, A = 9, and B = 10.

For the metallic heat sink, the dielectric function is approximated by the Drude model:

εm = 1 −
ω2

p

ω2 + iγω
. (5)

where ωp is the plasma frequency, γ is the damping rate, and the resonant frequency of SPP is

7



given by ωS PP = ωp/
√

2. The parameters will be given in the following calculations for each

configuration. Note that in the model of this work, the temperatures of the cell and the heat sink

are assumed to be constant. Therefore, the temperature dependency of the optical properties of the

materials used in the model is not considered.

The integrated transmissivity and radiative transfer of a system involves grating structures can

be calculated based on the scattering theory [31, 32] in combination with the rigorous coupled-

wave analysis (RCWA) method [33, 34]. Assume the structure is periodic along x-direction with

periodicity p, infinitely long in y-direction, and the TR cell and the grating are separated by a

distance d in z-direction, the frequency-dependent integrated transmissivity εc,a(ω) is obtained by

integrating wavevector-dependent components εc,a(ω, kx, ky) over wavevectors in the x-direction

(kx) and y-direction (ky), with the integration limit on kx restricted to the first Brillouin zone defined

by the periodicity in the x-direction. Furthermore, the contributions from the positive and negative

halves of the Brillouin zone is identical due to the inversion symmetry, therefore we can obtain the

integrated transmissivity by Eq. 6.

εc,a(ω) =
1

2π2

∫ ∞

−∞

∫ π/p

−π/p
εc,a(ω, kx, ky)dkxdky =

2
π2

∫ ∞

0

∫ π/p

0
εc,a(ω, kx, ky)dkxdky (6)

The wavevector-dependent transmissivity components εc,a(ω, kx, ky) can be formulated with scat-

tering theory [33], and the required scattering matrix between the TR cell and the heat sink is

obtained via RCWA calculation [33, 34]. The reflection coefficient matrices for both surfaces are

of dimensions 2(2N + 1), where N is the maximum diffraction order considered [35]. To obtain

accurate results within reasonable computation time, we use N = 35 in the RCWA calculation.

The wavevector component kx is linearly discretized into 21 values between 0 and π/p, and the
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ky component is linearly discretized into 81 values between 0 and maximum value of 100ω/c.

The computation time is about 15 hours on a personal computer with with Intel Core i5-5300U

CPU. We have verified that with these settings the numerical error due to discretization is very

low. Doubling the discretization gives a difference in obtained integrated transmissivity of less

than 1%.

RESULTS AND DISCUSSION

We first consider a heat sink with a metallic material of lower plasma frequency. The dielectric

function of ZrC can be fitted with the Drude model as described by Eq. 5, and the plasma frequency

isωp = 1.29×1015 rad/s, with damping rate approximately γ = 2.58×1012 rad/s. Therefore the SPP

frequency of ZrC ωS PP is at 0.6 eV [10, 36], which is about 2 times of the frequency corresponding

to the bandgap ωg. We first consider a planar system with a gap of d = 10 nm between the TR cell

and the ZrC heat sink, as shown in Fig. 1(a). The integrated transmissivity spectrum is calculated

and plotted as the blue curve in Fig. 2(a). As expected, a sharp peak is observed at 2 times

of ωg. As a reference, the integrated transmissivity of the TR cell to a blackbody is plotted as

the dashed black curve in the same figure. It is seen that in the frequency band of interest, the

integrated transmissivity due to the near-field coupling to the planar heat sink can indeed exceed

the integrated transmissivity to an ideal blackbody. For the near-field coupled system, εc,a(ω)

is calculated with RCWA method for the frequency range from ωg to 3ωg with 0.01ωg spacing.

In this system configuration, over 99% of power conversion is due to radiation between ωg and

2.5ωg; we have also verified that doubling the number of frequency points gives a difference in

power output of less than 1%.
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Then we calculate the integrated transmissivity when a grating structure is added to the surface

of the heat sink, as shown in Fig. 1(b). The geometrical parameters for the gratings are h = 60

nm, w = 30 nm, and p = 60 nm. The result is shown in the red curve in Fig. 2(a), where multi-

ple resonance peaks are observed. Due to the periodicity, the SPP mode on the metal surface is

truncated and folded into multiple bands within the Brillouin zone, and the peaks in the integrated

transmissivity spectrum correspond to different order of modes. This can be verified with mode

profiles, and shown in Fig. 2(b)-(d) with three different resonant modes. The mode profiles are

obtained with eigenvalue solver in COMSOL [37], which is a finite-element method based com-

mercial software for full-wave simulations. In the simulations, periodic boundary conditions are

applied to the left and right end of the structure as shown in Fig.2(b), and Floquet condition is

used to specify the wavevector component kx and ky. Absorbing boundary conditions are applied

to the top and bottom of the structure. Eigenvalue solver within the RF module is used to find the

eigenmodes and associated eigenfrequencies. We have validated the accuracy of the COMSOL

simulation model by calculating the SPP mode frequency supported on a metal surface and com-

paring it with theoretical value, and the numerical error is less than 1%. With this setup, the solver

can find all resonant modes associated with the grating structured configuration, including those

modes corresponding the enhancement of the near-field radiative transfer.

Next we calculate the generated power density and efficiency of the TR cell based on equa-

tions 1 and 2. When the temperature of the TR cell is at Tc = 1000 K, and the heat sink is

maintained at Ta = 300 K, the power density and efficiency of systems with a blackbody heat sink,

the near-field coupled planar heat sink, and the near-field coupled grating heat sink are plotted in

Fig. 3(a) and (b). For the planar case, the maximum power density is 6.53 × 104 W/m2 grating
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heat sink, the maximum power density is 9.93 × 104 W/m2, 48.3 times higher than the blackbody

heat sink, and 1.5 times higher than the planar heat sink. The maximum achievable efficiency is

all above 60%, which is close to the Carnot efficiency of 70%, as calculated by (1 − Ta/Tc). As

mentioned by previous analysis [1, 11], the chemical potential for maximum power density and

maximum efficiency are very different. As we can see from the figure, the power output at maxi-

mum efficiency point is very little. So the maximum power density is a better merit to evaluate the

performance of the TR cell. The chemical potential can be controlled by the cell voltage V , which

can be adjusted by the load resistance, in order to achieve the maximum power output.

When the temperature of the TR cell is at a lower Tc = 500 K, while the heat sink is still

maintained at Ta = 300 K, the power density and efficiency are calculated similarly and plotted in

Fig. 3(c) and (d). The peak efficiency is again close to the Carnot efficiency, which is now 40%.

The peak generated power density is 11.7, 159.3, and 453.4 W/m2, for the case of blackbody, pla-

nar, and grating heat sink, respectively. Due to the much lower source temperature, the generated

power density is two orders lower than the system at Tc = 1000 K. However, the near-field coupled

heat sink with grating has a more significant enhancement of output power density, at 2.9 times

higher than the planar structure.

With resonant modes designed by the geometries of nanostructures, the material selection for

the heat sink can be more flexible, and even noble metals with much higher plasma frequency can

be used. Next, we study a TR cell coupled to a gold heat sink. Fitted by a Drude model [16],

the plasma frequency of gold is ωp = 1.37 × 1016 rad/s, with damping rate γ = 7.31 × 1013 rad/s.

The SPP resonant frequency on a planar gold surface, ωS PP = ωp/
√

2, is at 8.98 × 1015 rad/s,

corresponding to an energy of 6.4 eV, which is over 21 times higher than the TR cell bandgap
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energy of 0.3 eV.

With a planar gold surface coupled to the same TR cell at a distance of 10 nm away, the inte-

grated transmissivity is calculated and plotted together with the blackbody reference in Fig. 4(a).

As the SPP resonance is far away from the plotted frequency range, the integrated transmissivity

is lower than the blackbody reference. A grating structure can also be fabricated on the gold sur-

face, as shown in Fig. 1(b). We choose h = 500 nm, w = 50 nm, and p = 100 nm for the gold

grating, and calculate the integrated transmissivity of the system again. As shown in Fig. 4(a),

the integrated transmissivity is plotted for all three cases with frequency range between ωg and

4ωg. We have verified that the radiation in this frequency range contributes to over 99.5% of the

power conversion and contributions with frequency above the range is negligible. The calculated

transmissivity with the grating structure is higher than the planar counterpart and the blackbody

reference in the frequency range, with multiple resonant peaks. These peaks are due to the cavity

modes corresponds to different wavevector components. The resonant modes are calculated with

COMSOL, and the mode profiles when kx = π/p and ky = 0 are shown in Fig. 4(b) and (c). As

indicated by the magnetic field distribution, these are cavity modes confined in the narrow metal

slit, and couple to the external field through the open end of the slit. The mode shown in Fig. 4(b)

is the fundamental mode and the mode shown in Fig. 4(c) is the second order cavity mode.

The calculated power density and efficiency are plotted in Fig. 5 for temperature Tc = 1000

K and Tc = 500 K respectively, with temperature at the heat sink kept at Ta = 300 K in both

cases. Due to the poor mismatch between the SPP resonance of planar gold surface and the TR

cell bandgap, the generated power density is lower than the system with an ideal blackbody heat

sink. However, with the grating heat sink, the generated power density exceeds the system with an
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ideal blackbody heat sink by 3.6 times at Tc = 1000 K, and 3.9 times at Tc = 500 K.

Comparing Fig. 3 and Fig. 5, we also notice that the power density with the second grating

design (Fig. 5(a)) is one order smaller than the first (Fig. 3(a)) at the same operating temperature.

This is due to the fact that more photons with energy closer to the bandgap are transmitted in the

first design, and can be seen from the integrated transmissivity curves in Fig. 2(a) and Fig. 4(a).

However, for the second example, the grating structure still helps the system to enhance the output

power to a level exceeds the ideal blackbody reference.

Note that in the above calculation, we assumed the TR cell to be ideal, where only radiative

recombination process is considered. Non-radiative loss mechanisms, such as Auger and surface

defect processes, were not included in the model. On the one hand, including the loss terms will

reduce the expected output power; on the other hand, these processes have similar impact on the

systems operating at the same temperature, regardless of the heat sink design. Therefore although

the absolute numbers of power density will be smaller, the ratio of output power between different

heat sink designs is expected to be about the same [4].

CONCLUSIONS

In conclusion, we examined how the nano-grating structure on the heat sink can increase the

TR performance. The performance of the TR can be greatly enhanced with near-field coupling,

which occurs by placing a heat sink in close proximity with the cell. Heat sinks supporting surface

resonant modes that are close in energy to the bandgap energy of the TR cell are able to boost the

radiative transfer of photons and eventually the electric power generation. Metals with dielectric

functions described by a Drude model support surface plasmon polaritons, and typically have
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large thermal conductivities. Therefore they are good candidates for heat sink of a TR device.

However, most metallic materials have surface resonant frequencies much higher in energy than

the TR cell bandgap. The mismatch can be addressed with nanostructured surfaces. We show

that grating structures support additional surface modes such as truncated surface plasmons and

cavity modes depending on the material and geometry. Two grating designs for a TR device

were analyzed and calculated, and the performances were compared with planar structures and a

blackbody reference. In both designs, the grating structure has a significantly better output power

density than the planar and blackbody case. With these findings, we are able to overcome the

mismatch in energy of surface resonance and the TR cell bandgap, and use materials such as noble

metals as the near-field heat sink of the TR device, for better heat dissipation and enhanced power

generation.
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FIG. 1: Structures of near-field TR device (a) with planar heat sink, and (b) with periodically structured

heat sink.

FIG. 2: (a) Calculated integrated transmissivity as a function of frequency for three systems: TR cell with

ideal blackbody heat sink, TR cell coupled with planar metallic heat sink, TR cell coupled with metallic

grating heat sink. The metal is ZrC, with with h = 60 nm, w = 30 nm, and p = 60 nm. Magnetic field

distribution of resonant modes supported by the system when kx = 0 and ky = 0, at normalzied frequency

ω/ωg of (b) 1.50, (c) 1.83 and (d) 1.99.
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FIG. 3: The calculated (a) power density and (b) efficiency for the three systems corresponds to Fig. 2 when

the cell is at Tc = 1000 K, and the heat sink is at Ta = 300 K. The (c) power density and (d) efficiency for

the three systems are also shown when the cell is at Tc = 500 K, and the heat sink is at Ta = 300 K.
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FIG. 4: (a) Calculated integrated transmissivity as a function of frequency for three systems: TR cell with

ideal blackbody heat sink, TR cell coupled with planar metallic heat sink, TR cell coupled with metallic

grating heat sink. The metal is gold, with h = 500 nm, w = 50 nm, and p = 100nm. Magnetic field

distribution of resonant modes supported by the system when kx = π/p and ky = 0, at normalized frequency

ω/ωg of (b) 1.23, and (c) 3.55.
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FIG. 5: The calculated (a) power density and (b) efficiency for the three systems corresponds to Fig. 4

when the cell is at Tc = 1000 K, and the heat sink is at Ta = 300 K. The (c) power density and (d) efficiency

for the three systems are also shown when the cell is at Tc = 500 K, and the heat sink is at Ta = 300 K.
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